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Abstract

The shuffle-exchange permutation network (SEP,) is
a fixed degree Cayley graph which has been proposed as a
basis for massively parallel systems. We propose a routing
algorithm with an upper bound of (5/8)n* + O(n), where n
is the length of the permutation. (This improves on a
(9/8)r” routing algorithm described earlier [5].) Thus, the
diameter of SEP, is at most (5/8) n* + O(n). We also show
that the diameter is at least n° / 2 - O(n). We demonstrate
that SEP_ has a Hamilton cycle, for n >3, left openin [5],
and describe embeddings of variable-degree Cayley
networks, such as bubble-sort networks [1], star networks
[2] and pancake networks [4] into SEP,. Our embeddings
for these networks are substantial improvements of earlier
results stated in [5].

Keywords: Cayley graphs, routing algorithms, Hamilton
cycles, embeddings, shuffle-exchange permutation
network.

1: Introduction

Cayley graphs [1] have proved to be auseful basis for
interconredion retworks for a number of reasons [3].
They are regular (unlike networks with a central hub) and
vertex-symmetric (unlike two-dimensional meshes or
DeBruijn networkg 6] ). Some examples of networks with
low degree aad dameter are shown in Table 1), with
diameter results found in [1] and [4].

Network Vertices Degree Diameter
Hypercube 2 n n
Star n! n-1 [3(n-1)/2
Pancake n! n-1 <(5/3)n

Table 1. A comparison of three Cayley graphs

One difficulty that hinders many proposed interconredion
networks from being bdh large and expandable is the fad
that the degreeis alinea function d the dimension d the

network. For example, if the number of procesors in a
hypercube is doutded from 64 to 128 then an additional
[/O port must be added to ea procesor. The shuffle-
exchange permutation (SEP) network proposed by Latifi
and Srimani [5] is an example of a fixed degree Cayley
graph, with eat nock of degree3. Spedficdly, SEP, isa
graph d n! vertices, where eat vertex is labeled with a
permutation o the set {1, 2, ...,n}. If avertex is |labeled
with the permutationnt = (n, @, ... 1), there ae adges from
this vertex to the vertices with the labels (n, n, ... n, 7))
(left shuffle), (z, =, =, ... w,,) (right shuffle) and (n, w, =, ...
1) (exchange of the first two elements). Since SEP, has n!
vertices, and is regular of degree 3, it has (3/2)n! edges.
Figure 1 is a planar depiction d SEP,. We refer the
interested reader to [5] for additiona justification,
motivation and background information concerning SEP

Figure 1. SEP,
2: Routing

Routing from a vertex labeled with permutation o to a
vertex labeled with permutation B is egquivaent to routing
from a vertex labeled with permutation af™ to the identity
permutation. Therefore, a routing algorithm is equivalent
to an algorithm for sorting elements in a permutation.
Since left and right shuffles are among the available
moves, it is useful to think of the dements =, #,, ..., 7, Of
the permutation 7t as arranged in a drcle, with, say, «, a
the “north pde” of the drcle, and the pasition antipodal to
m, on this circle being the “south pde.” (“Rotate” in the
following means to use shuffles to get to a desired
position.) Wefirst construct a sorted block of thefirst n/ 2
elements. Let N, 1 <i < n, be the distance of i from the



north pole, Sum,, be the sum of N, for 1L <i<n/2, S be
the distance of i from the south pole, and Sum, be the sum
of S, for1<i<n/2 IfSumg< Sum,, we will gather
elements to the south pole, else to the north pole. We build
a sorted block by moving the first n / 2 elements to the
appropriate pole. Once the first n/ 2 elements are sorted,
the remaining elements are added to either the left or right
end of the sorted block (as appropriate).

Algorithm ROUTE(n)
begin
Compute N, S for 1 <i <n, and Sum, and Sum,
if Sum,< Sum, then pole<-south else pole<-north
for eachitemin {1, 2,...,n/ 2} do
Movei to the pole, keeping the center of the
sorted block at the pole.
Move to one of the ends of the sorted block.
fori=(n/2)+1tondo
Add an element to an end of the sorted block.
Rotate as necessary.
end

Theorem 1 Algorithm ROUTE sorts the elements of a
permutation of length n in no more than (5/8)n* + O(n)
MOVeES.

Sketch of Proof: (Figures in bold are components of the
final total.) It takes 2k - 1 steps to move a position 1
element k positions clockwise, and 2k - 1 steps to move a
position 2 element k positions counterclockwise. Assume
we gather elements to the north pole. If we start at the
north pole, and wish to move i to the north pole, then it
may take N, shuffles to rotate, and then 2N, - 1 moves to
movei to the north pole. Therefore, it takes 3N, - 1 moves
to move i to the north pole. Let M = min(Sum,, Sum,).
We observe that sinceS =N,-n/2-1forl<i<n/2,
Sumg = Sum, - n°/ 4 -n/ 2. Therefore M = min(Sum,,
Sum,, - n* / 4). 1t follows that M has a maximum value
when Sum, = Sum,.  This occurs when the first n / 2

elements are arranged about the equator, i.e., hafway
3n/8

i=n"/8
i=n/8
+ O(n). Therefore, it takes at most (3/8)n’ + O(n) moves to
move the first n/ 2 elements to the north pole. Rotating to
one of the ends of the sorted block takes O(n) moves.
Now consider the number of moves needed to put the last
n/2 elementsin place. Suppose there arei elementsin the
sorted block, wheren /2 <i < n. The worst case is when
an element to be added has to be moved n - i positions.
Whichever end of the sorted block we are at, in such a
case, the element to be added to the other end is one

between poles. When thisisthe case, M = 2

rotation away, then 2(n - i) - 1 moves to put it to the proper
spot. Therefore, to put the remaining n / 2 elements into
the sorted block, the number of moves required is at

worst Z2(n —-i)=n*/4+ O(n). Once the sorted block is
i=nl2
complete, we may need to rotate, but the total number of
moves required is no greater than (5/8)n” + O(n). O
Consider the permutation {37511069428}. 3is
at the north pole, and 6 is at the south pole. The N, for i =
1to 5, are 3, 2, 0, 3 and 2 which makes Sum,, = 10. The S
are 2, 3, 5, 2 and 3, therefore Sum, = 15. Therefore, we
will gather the elements to the north pole.

37511069428 0% 34751106928
34751106928 0. 13475106928
13475106928 OF) - 12347510698
12347510698 0% 57106981234
57106981234 0. 67109812345
67109812345 0. 81012345679
81012345679 0P - 89101234567
89101234567 0P~ 12345678910

2.1: A lower bound for the diameter of SEP,

It is well known that any sorting algorithm that works
by exchanging adjacent elements requires Q(nz) steps (see,
for example, [8]). Any sorting algorithm using the moves
of SEP, is subject to this same lower bound.

Theorem 2 For n > 1, the diameter of SEP, is at least (n*/
2) - O(n).

Sketch of Proof: Let d(i, j) be the circular distance
between i and j in &, a permutation of length n. Let S =
n-1

Zd(z‘,iﬂ). S can be, as large as (n° / 2) + O(n).
i=1

Consider the permutation® ={135...n-124 ...n}. The
vaueof Sis(n-1)((n/2)-1) +(n/2) =(n°/2) + O(n).
When = is the identity, the value of Sisn - 1. So, sorting
must reduce Sin this case from (n’/2) to O(n). The left
and right shuffle operations do not change the value of S at
all, and the exchange operation changes the value of S by
at most 2. And, after making an exchange, a shuffle must
be performed, otherwise the exchange is lost. So, in any
two moves, S can be at most reduced by 2. Hence, it takes
at least (n*/ 2) - O(n) moves to sort in the worst case. O



3: The Hamilton Cyclefor SEP,

Every vertex of SEP, belongs to a simple g/cle of n
vertices. These gycles correspond for example, to n
successve left shuffles. If asimple gscle touches ead of
these gycles in ore and orly one alge, then that cycle
could be expanded into a Hamilton cycle. The dotted lines
in Figure 2 signify an edge that is present in SEP,, but not
being wsed for the Hamilton cycle. In the figure, the edges
(D, E), (H, ), (L, M), (P, Q), (T, U) and (X, A) represent
exchanges. All the other edges represent shuffles. There
is such a Hamilton cycle for SEP, with the property that
the dement 4 is never in the first or second paition when

an exchange is made. That is, 4 never gets exchanged.

The @&owve gcle of 24 wertices in SEP, can be
modified into a ¢/cle of 30 wertices in SEP, by the
following steps:

Figure 2. A Hamilton cycle for SEP,

1) Replace all occurrences of the element 4
in each vertex with 4 5

2) Replace a right shuffle with 5 on the right
end by two right shuffles

3) Replace a left shuffle with 4 on the left end
by two left shuffles

Since this cycle is a modified copy d SEP,, and it was
generated by repladng 4with 4 5 this cycle will be cdled
the {5}-copy. By a similar procedure, the {1} -copy, {2}-
copy and {3}-copy can aso be aeded. Because of the
method d constructing these g/clesin SEP,, ead vertex of
SEP, isin ore and orly ore of these gcles. To find ou
which cycle agiven vertex isin, smply look at whatever
element is to the right of the dement 4. These g/cles can
be linked together to form a Hamilton cycle for SEP, in the
manner described by Figure 3.

Notice that instead of jumping from the {5} -copy to
the {1} -copy, we could have chosen to simply traverse the
{5}-copy. In the same way, instead of jumping from
the{ 1} -copy to the {2}-copy, we wuld have cosen to
traverse dl of the {5}-copy and {1}-copy. If one @mpy is
traversed, we have the option d traversing nore, some or
all of the remaining copies. Ancther property of the mpies
in SEP, is that ead copy can diredly accessead of the
other copies.

JLIC
43 I—I

Figure 3. A Hamilton cycle for SEP,

EEES

A m-copy in SEP, is a modified copy d the g/cle in
Figure 2, where

1) All occurrences of the element 4 in each
vertex are replaced withm wheren is
a permutation of n - 4 of the elements of
{1,2,3,5,...,n}

2) Aright shuffle withn, _, on the right end is
replaced by n - 3 right shuffles

3) A left shuffle with 4 onthe left end is replaced by
n - 3 left shuffles.

For example, there ae 120 n-copies in SEP,, and every
vertex of SEP, isin ore and orly ore n-copy. These 120
m-copies can be grouped into 30 goups of 4 m-copies,
where eat group isamodified copy d SEP,. Since eab
m-copy can accessead of the other three members of its
group, if asimple g/cle can be mnstructed which accesses
at least one n-copy o ead group, then that cycle can be
expanded to crege aHamilton cycle for SEP,. Figure 4
describes a simple g/cle which touches 6 nt-copies in ore
and orly ore edge. The arows represent exchanges. This
cycle will be cdled a hexagon. A hexagon les the dfed
of permuting the three numbers following 4 By using a
hexagon 6 o the 120 cycles of SEP, and 6 of the 30
groups of 4 cycles have been accessed. By using the
method shown in Figure 3, the {6 7 §-copy can dredly
accessthe {6 7 L} -copy. Because of this, 6 more ¢scles
and 4 more groups can be acceed by accesng the
hexagon d which the {6 7 1}-copy is a member. When
this processis repeaed four more times, 30 d the gycles

and 24 of the groups have been accessed. The remaining 6



4->4567 4->4576 4->4756
1234567 1234576 1234756
7123456 6123457 6123475

6712345 > 7612345
6571234> 5671234

5612347 -> 6512347
5761234 > 7561234

4567123 4576123 4756123
3456712 3457612 3475612
2345671 2345761 2347561
4->4765 4->4675 4->4657
1234765 1234675 1234657
5123476 5123467 7123465

561234/~ 6512347 7512346 > 5712346
7651234 > 6751234 6571234 - 5671234

4765123 4675123 4657123
3476512 3467512 3465712
2347651 2346751 2346571

Figure 4. A cycle which touches 6 n-copies in one
and only one edge

groups are accexd in a similar fashion. Figure 5 is a
picture of the resulting cycle, which can be expanded to
crede the Hamilton cycle for SEP, by accesang the gycles
which haven’t been touched yet.

SEP, ..., isasubgaph o SEP, wherek is an element
of element of {1,2,3,5, ...,n}, andavertex vin SEP, isalso
in SEP, ., . if and orly if v is avertex in a n-copy, where
the first element of = is k. If two vertices u and v arein
SEP, .., . andthere is an edge between uand vin SEP,
then there is an edge between uand vin SEP, |, . The
subgaph SEP, |, is a modified copy o SEP, _, inside
SEP, with n * (n - 2)! vertices. Using the g/cle we have
constructed for SEP,, we will construct cyclesf or SEP, , ,,
SEP, , ,, ..SEP, , . We will then link those gycles to
construct a Hamilton cycle for SEP,. The same procedure
will be followed for SEE, SER,, ..., SEP.

The sibling of SEP,  , ,, or sibling(SEP, , ), is
SEP, .., .» wherem = (k + j) mod n wherej isthe smallest
paositive number such that (k + j) mod nis an element of
{1,2,3,5,...,n}. The gscle for sibling(SEP, ., ) will be
linked with the gycle for SEP, ., to form the Hamilton
cycle for SEP,. SEP, , ., has one and orly ore sibling.
For example, sibling(SEP, , ) = SEP, , , andthe sibling o
SEP,, , 1, iS SEP,, , ,- Let sibling®(SEP, , , ) have its
expected definition.

Figure 5. A framework for the Hamilton cycle for
SEP,

Let the n of an-copy o SEP, be {n, ,, @, . ..., m}.
The k-hexagon, for 7 <= k <=n - 4, touches the following

m-copies in one and only one edge, in the following order.

the {n, ,m, ,...m}-copy

the {n, 7, ..., T, ... W }-COPY
the {n, 7, ..M, W, 7, ... W }-COPY
the {n, , 7, ... T W, , ... W }-COPY
the {n, ,m, ...m, .7 W, , ..M }-COPY
the {n, , 7, ... 7,7, ... W }-COPY

The k-hexagon will be used to link cycles for SEP, , _, .,
wherem =1, 2, 3,5, ... k, creding a gycle for SEP,. For
example, by using the 8-hexagon, the {1 2 3 3-copy in
SEP, can accessthe {1 32 53,{312853,{32135,
{23 15}and {2 1 3 5}-copies.

Lemma 1: If aHamilton cycle can be constructed for SEP,
which conreds n-copies by hexagors, and by the method
used to construct SEP,, then a ¢ycle can be constructed for
SEP .., k=1,23,5, ...,j + 1, which conreds n-copies
by hexagons, and by the method used to construct SEP

In constructing the Hamilton cycle for SEP, we
asame we have onstructed n - 1 copies of the gycle for
SEP ., ,.,k=1,2,3,5,..n,
Lemma 2: There eist two n-copiesin SEP, |, , two m-
copies in sbling(SEP, , ., ,) and two m-copies in
sibling(SEP, , ., ) such that a n-hexagon touches eat of
thesen-copies in one and only one edge.

We can always construct a ssimple ¢/cle which touches
parts of SEP its sibling and its sibling's sibling.

n-1k?



Lemma 3: If cyclesfor SEP, |, ,, sibling(SEP, ,_,,) and
sibling’(SEP, , , ) can be mnstructed where n-copies are
conreded by hexagors and the method wsed to construct
SEP,, then a ¢/cle can be @nstructed which accesses al of
SEP, ... al of sibling(SEP, , , ) and all of two n-copies
in sibling(SEP, , ., ,), which conreds n-copies by
hexagons, and by the method used to construct SEP

We can take the g/cle for SEP,  , ,, the gycle for
sibling(SEP, ,, , ), and two n-copies of sibling(SEP, , . ),
and merge them into one cycle. (See Figure 6)

{0 = attached
§ = detached

Figure 6. Merging cycles for two copies of SEP, ,
within SEP, into one cycle

Lemma4: If cyclescan be aeded for SEP, , , ,, SEP, , , ,,
SEP, ..., SEP,, .. ...SEP, ., Can be mnstructed where
n-copies are onreded by hexagors, and by the method
used to construct SEP,, then a g/cle can be mnstructed
which includes all of SEP, | ,,, SEP, , ., SEP, . .,
SEP, . ... ... SEP, .., , Which conreds n-copies by
hexagons, and by the method used to construct SEP
We can take gycles for the n - 1 copies of SEP,
within SEP,, and merge them into ore gscle. (See Figure

7

Algorithm SEP-HAMILTON-CYCLE(n)
begin
for i=8tondo
begin
forj=1,2,3,5,..,do
begin
ConstructSER ,_, , from SEP_,
Using the connections in the
cycle forSEP_,, construct
acycle forSEP,_, |
end
forj=1,2,3,5,...i- 1o
Use the i-hexagon to link the cycle
for SER, _, , with the cycles
for its sibling and its sibling's
sibling, adjusting the links as
described in Lemma 3.
end

end

Theorem 3 Algoithm  SEP-HAMILTON-CYCLE
produces a Hamilton cycle for SEfor alln > 7.

Proof: The dgorithm starts with SEP,, which we know
has a Hamilton cycle which conreds =-copies by
hexagors and by the method wed for constructing the
cycle for SEP, and iteratively bulds up to cycles for larger
and larger values of n, by making 7 copies of the oycle for
SEP,, 8 copies of the gscle for SEP,, ...n - 1 copies of the
cycle for SEP, ,. The first loopis possble by Lemma 1,
and the seoondloopis possble by Lemmas 2, 3and 4 For
ead value of i, ahexagonis used that was not used for any
previous values of i. Thisis how we know the gycle for
SEP, won't interfere with the g/cles for smaller values of i.

Figure 7. Merging cycles for n - 1 copies of SEP, |,
within SEP, into one cycle

4. Networ k embeddings

Since the dficiency of many paralel algorithms is
dependent on the topdogy o the interconredion retwork,
it is useful to determine arough upgr bound onthe
number of SEP moves required to ssmulate moves in other
networks. Eacd of the three Cayley networks we cnsider
is defined onS,, the group d permutations on n, and was
previously considered in [5]. In ead case, we improve on
the ealier results, which were dl based on embeddings
given by the identity map.

e TheStar network of dimension 5, [2]. If a vertex is
labeled with the permutation= (rt, 7, ... n,), then
there are edges from this vertex to vertices with the
labels @, =, .7, 7, ., ,... ®,), for 2<k<n
(swapping the first and the K" element)

e TheBubble-Sort network of dimension B, [1]. If a
vertex is labeled with the permutatiors (1, 7, ...
n,), then there are edges from this vertex to vertices
with the labels#, «, ...n,, @, ... ®,), for 1<k <n
(swapping two adjacent elements)



e ThePancake network of dimension n: P4]. If a
vertex is labeled with the permutatiers (7, 7, ...
n,), then there are edges from this vertex to vertices
with the labels#®, «, , ...m,n, ®,, ,... 7)), for 2< k<
n (flipping the leftmost k elements, i. e., a prefix
reversal of sizek)

For the Star network, we use the fad that the Star
network is bipartite, with a bipartition based onclassfying
permutations by whether they can be expressd as an even
or odd number of transpositions.

Let the enbedding M, from Star nodes to SEP nodes be &
follows:

e |f mis an even permutation, then(¥) = x.
e |fnisodd, M(n)=@m,7n,,,...-T, T, ... T,,,)

Theorem 4. M,embedsS, into SEP with dilation n - 1.

Sketch of Proof: It is sufficient to consider the distance
between the image of an arbitrary odd germutation and the
image of any of its neighbas. Suppesen = (1, w,...m) iS
an odd grmutation. Then it mapsby M, ton’ = (n, m,, .,

. W, W, Myeow T, ,). Any neighba of n must be an even
permutation and hence maps by M, to itself. Suppcse we
consider the image of © after the transposition (1, k). For a
dilation bound we want to measure the distance from (=,
M, M T, ... T) tOT.

Case 1: k = 2. Then a path from (n, n, n, ... 1) to n" is
described by: rotate =, to pasition 1, then move =, (n/ 2) -
2 positions right. The total is n - 3 moves.

Case 2: 2 <k < (n/ 2). Find the distance from (n, =, ...
n, . ,®, ®,, ... T)ton’. Moven, k- 2 pasitions right.
Rotate so that =, is in pasition 1 Move n, (n/ 2) - k
positions right. The total is n - 3 moves.

Case 3. k=(n/2) + 1. Findthedistancefrom (x,,, ., m,
T, Ty Wy e p -+ W) O Moven,, ., (n/2) positions
right, for a total of n - 1 moves.

Case4: (n/2) + 1<k <n. Findthedistancefrom (n, =, ...
m, , M, @, ,... T,) ton. Rotate so that n, isin pasition 2
Mover, n - k positions left. Rotate so that «t, isin pasition
2,thenmoven, k - (n/ 2) - 1 pasitions left. The total isn -
1 moves.

Case 5: k = n. Find the distance from (n, =, ... &, , @) tO
n’. Rotate n, into pasition 2 Mover, (n/ 2) - 1 pasitions
left. The total is n - 1 moves

Theorem 4 represents a notable improvement over a
so-cdled opimum result in [5], where the dilation was 2(n
- 1).

The bubHe sort network is also hipartite, with the
same bipartition as the Star network. Let the mapping M,
be as follows:

e |f mis an even permutation, then() = .
o Ifnisodd,M(n)= (. T, 0T, .. T,,,)

Theorem 5 M, embeds B, into SEP, with dlation (n/ 2) +
1

Sketch of Proof: Suppsen = (1, @, ... 7,) isodd Then it
mapston’ =(m,,,,, --- T, T, T, ... T,,,). Any permutation
that is a neighba of m must be even and hence maps to
itself by M,. Consider the Bublbe-Sort move swapping
m, , , With T, We meéasure the distance between their
images, i.e. from (n, n, ..., ., @, ... ) to . One ca
ealy find arouting with at most (n/ 2) + 1 moves, as one
needs to rotate to the desired exchange, and then rotate to
the middle position This takes at most n / 2 moves as one
rotates to the middle. The remainder of the prodf is very
similar to the proof of Theorem 4.

Theorem 5 is aso a significant improvement over a
so-cdled optimum result in [5], where the dilation was
givento ben + 1.

Unlike the Star and Bubbe-Sort networks, the
pancake network is not bipartite. Morales and Sudbaough
[7] demonstrated that P, cen be embedded in S, with
dilation 1, therefore P, can be embedded in SEP, with
dilation 2n- 1. However, we wish to embed P, in SEP,.
Our embedding M, is as follows: Take the last n / 2
elements, reverse their order, and perfedly shuffle them
with the first n/ 2 elements, yieldingn’ = (n, n, n, 7, , ...
ﬂn/zﬂ(n/2)+:l)'

Suppase amove in P, flips all the dements, going
from (n, m, ...w) to (n, @, , ... m, m). To represent that
move in SEP, using M,, we must route from (n, @, nn, T, _,

LY 7T(n/2)+1) to (T[n T T e Moy nn/z)- This can be
dore in (3/2)n moves by repeaedly daing an exchange
followed by two rotations. Similarly, a move in P, where
all but one of the dements are flipped can be represented
in SEP, using M, in 5n- 10 moves. That is, we must route
from (n, n, n, M, ;... W, My ) O (R, T, T W T
W T, ., My, 5.1 This can be dore by exchanging
appropriate paired items, such as (n, ,, @), (T, , T,), ...,
where the paired items are & distance 3 from ead ather in
n. So, the exchange takes 5n - 10 moves.



Theorem 6 M,embeds Pinto SEP with dilation (3/8)A.

Sketch of Proof: By examining the distance of the
elements to be exchanged, one deduces that the prefix
reversal of size (3 / 4)n credes the maximum distance
between images, becaise the individual elements to be
exchanged are then the furthest distance from ead ather.
We measure the distancefrom (n, m, mt, m, , ... T, T 50 1)
to (T[(3/4)n ((3/4)n) 17.[ 1 ((3/4)n)+1nn/27[ Tc(n/2) 1Tc2"
) We observe that the relative order of n, through
does not have to be dhanged, and that the same is true
w/2+1 throughm,, ,andm ., . throughm . Only
Ty, 4. throughn ,, has to have its order reversed. Our
strategy is 1) to leave n, through w, ,, in their current
position, 2) mover,, ., throughm,, , to the left, 3) move
m throughm, ,, to the right, 4) leave =, , . through
T, 5., IN their current position, and 5 move n, , , g o1
through =, to the right. It will cost approximately n” / 4
moves to pu mg , ,, ., through n_in pastion, and
approximately n*/ 8 movesto pu =, , ,, throughm,,, in
position, for a total of (3/8frmoves.

n/4

for n

(@78 +1

Theorem 6 represents an improvement over ancther
result in [5], advertised as optimal, namely an embedding
with dlation (3/2)n” - (7/2)n + 2. In fad, such is amost
three times the diameter of SEP, hence random

placements of pancake network nodes is equally good.

5. Future Resear ch

Exad values for the diameter of SEP, are not yet known.
None of our embeddings are provably optimum; good
lower bounds are desired. It is also na yet clea how to
minimize the congestion of these embeddings.
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